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s u m m a r y

We present a new isotopically enabled hydrologic scheme, ‘‘Soil–Litter–Iso”, suitable for use as part of an
isotopically enabled land surface model. Soil–Litter–Iso is a one-dimensional model for coupled transport
of heat, water and stable isotopes (HDO and H2

18O) in soil and litter. It is sufficiently efficient for use at
regional scale, yet includes the complexity of coupled heat and water transport enabling decomposition
of the total moisture flux into liquid and vapour components. The numerical implementation is based on
Ross’ fast solution to the Richards equation (Ross, 2003). This, combined with the explicit solution of the
energy and moisture equations at the soil/air interface, permit the isotopic calculations to be performed
with thick soil layers and large times steps, resulting in significantly improved computational efficiency
compared with existing isotopically-enabled soil models of similar complexity. We demonstrate the
model’s numerical accuracy by conducting a series of established test-cases and comparing predictions
of steady-state isotopic concentration profiles with corresponding analytical solutions. We also demon-
strate the model’s operation within a land surface model by performing simulations for the forested flux
site at Tumbarumba in south-eastern Australia. These simulations show that the total evapotranspiration
(ET) flux, its components and their isotopic signatures are very sensitive to the inclusion of litter, and that
the model is a useful tool for assessing when the isotopic signatures of the ET components are sufficiently
distinct to be useful for flux partitioning.

Crown Copyright � 2010 Published by Elsevier B.V. All rights reserved.
1. Introduction

An isotopically enabled hydrologic model is used to estimate
soil moisture stores and fluxes (soil evaporation; root extraction;
deep soil drainage and surface runoff), as well as the associated
concentrations of minor water isotopologues (HDO and H2

18O). It
is an essential component of an isotopically enabled land surface
scheme (LSM) that is part of an atmospheric circulation model. Iso-
topically enabled models of the atmosphere, hydrology and the
biosphere are used in a variety of applications, which include sep-
aration of evapotranspiration into evaporation from the soil and
transpiration from the plants (e.g. Ferretti et al., 2003), tracing
water movement within the soil-vegetation-atmosphere system
(e.g. Fekete et al., 2006), and partitioning terrestrial CO2 fluxes be-
tween photosynthesis and respiration using d18O in atmospheric
CO2 (e.g. Ogée et al., 2004). Water isotopes are also important for
paleoclimate research either directly through the stable isotopic
010 Published by Elsevier B.V. All
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composition of ice cores (Jouzel et al., 2007) or indirectly, for
example through their imprint on the isotopic composition of
molecular oxygen, the Dole effect (Dole et al., 1954; Hoffmann
et al., 2004).

To date, the state-of-the-art model for the coupled transport
of heat, water and stable isotopes in bare soil is SiSPAT-Isotope
(Braud et al., 2005a) It builds on earlier isotopically-enabled soil
models of Shurbaji and Phillips (1995), Melayah et al. (1996) and
Mathieu and Bariac (1996). All of these are based on the one-
dimensional coupled transport of heat and water in soil (Philip,
1957), which permits the total moisture flux to be separated into
liquid-phase and vapour-phase components. SiSPAT-Isotope is
shown to accurately reproduce analytical solutions for the stea-
dy-state vertical isotopic profiles in saturated and unsaturated
soils (Barnes and Allison, 1983; Barnes and Allison, 1984). It also
shows reasonable agreement with laboratory data sets (Braud
et al., 2009a, 2005b, 2009b). Despite these successes, the appli-
cation of SiSPAT-Isotope has not been extended either to vege-
tated field sites or to regional scale. A likely reason for this is
its lack of numerical efficiency, with soil layer thicknesses of
10�6–10�4 m near the surface and time-steps <50 s (Braud
et al., 2005a).
rights reserved.
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Nomenclature

csoil volumetric heat capacity of soil (J m�3 K�1)
cw volumetric heat capacity of liquid water (J m�3 K�1)
cp volumetric heat capacity of air at constant pressure

(J m�3 K�1)
ci

l concentration of minor isotopologue in liquid soil water
(kg m�3 H2O(l))

ci
l;s concentration of minor isotopologue in liquid water at

the surface (kg m�3 H2O(l))
ci

l;L concentration of minor isotopologue in litter moisture
(kg m�3 H2O(l))

ci
l;0 concentration of minor isotopologue in pond water

(kg m�3 H2O(l))
cv concentration of water vapour in soil air spaces (m3

H2O(l) m�3 (air))
cv,sat saturated concentration of water vapour in soil air

spaces (m3 H2O(l) m�3 (air))
cv,a concentration of atmospheric water vapour (m3

H2O(l) m�3 (air))
cv,L concentration of water vapour in litter air spaces (m3

H2O(l) m�3 (air))
cv,s concentration of water vapour at the soil surface (m3

H2O(l) m�3 (air))
dx soil layer thickness (m)
dxL litter layer thickness (m)
Di

l diffusivity of minor isotopologue in liquid water
(m2 s�1)

Di
v diffusivity of minor isotopologue vapour in the bulk soil

(m2 s�1)
Dv diffusivity of water vapour in the bulk soil (m2 s�1)
Dv,a diffusivity of water vapour in air (m2 s�1)
Dv,L diffusivity of water vapour in litter (m2 s�1)
f( ) response function of stomatal conductance to soil mois-

ture
g gravitational constant (m s�2)
g( ) root density distribution function
G heat flux into surface (soil or litter) (W m�2)
h pressure head (m)
he pressure head at air entry (m)
hP pond height (m)
hr relative humidity
hr,s relative humidity at air/soil or air/litter interface
hr,SL relative humidity at litter/soil interface
H sensible heat flux at soil surface (W m�2)
kH thermal conductivity of bulk soil (W m�1 K�1)
kE latent heat conductivity of bulk soil (W m�1 K�1)
K hydraulic conductivity (m s�1)
Ksat hydraulic conductivity (m s�1) of saturated soil
Mw molar mass of water (kg mol�1)
Mi molar mass of minor isotopologue (kg mol�1)
qevap evaporative flux from soil or litter surface to atmo-

sphere (m s�1)
qevap,L evaporative flux from litter/soil interface to litter

(m s�1)
qd drainage flux of liquid water from litter layer to soil col-

umn (m s�1)
qH vertical heat flux (J m�2 s�1) within soil column
qH,0 vertical heat flux (J m�2 s�1) into top of soil column
ql liquid-phase flux of soil moisture (m s�1)
qi

l liquid-phase flux of minor isotopologue (kg m�2 s�1)
qv vapour-phase flux of soil moisture (m s�1)
qv,h component of vapour-phase flux of soil moisture

(m s�1) due to gradient in h

qv,T component of vapour-phase flux of soil moisture
(m s�1) due to gradient in T

qi
v vapour-phase flux of minor isotopologue (kg m�2 s�1)

qw flux of soil water (m s�1)
qw,0 flux of water into top of soil column (m s�1)
rex sink term accounting for root extraction (s�1)
rbw boundary-layer resistance to water vapour transfer

(m�1 s)
rbH boundary-layer resistance to heat transfer (m�1 s)
R gas constant (J mol�1 K�1)
Rnet net radiation absorbed by soil (W m�2 s�1)
s dcv,sat/dT (m3 H2O(l) m�3 (air) K�1)
S degree of effective saturation
T soil temperature (�C)
Ta air temperature (�C)
TL litter temperature (�C)
TP pond temperature (�C)
TSL temperature at litter/soil interface (�C)
Ts temperature at air/soil or air/litter interface (�C)
z vertical co-ordinate (m)
a root efficiency function
a+ isotopic equilibrium fractionation factor (<1)
ak,diff ratio of vapour-phase diffusion coefficients ðDi

v=Dv Þ
ak isotopic kinetic fractionation factor (<1)
c shape parameter in root efficiency function
g shape parameter for hydraulic conductivity curve
gE enhancement factor for transport of water vapour

across a temperature gradient
k shape parameter for soil moisture retention curve
kL shape parameter for litter moisture retention curve
kE latent heat of vaporisation (J kg�1)
kEE latent heat flux at surface (W m�2)
/l liquid matric flux potential (m2 s�1)
q density of liquid water (kg m�3)

density of air
qb dry bulk density of soil
qb,L dry bulk density of litter
hl volumetric liquid soil moisture content (m3 m�3)
hr residual volumetric soil moisture content (m3 m�3)
hsat saturated volumetric soil moisture content (m3 m�3)
hsat,L saturated volumetric moisture content of litter

(m3 m�3)
s soil tortuosity (<1)

Subscripts
a atmosphere
p pond
w water
l liquid
v vapour
s surface
a atmosphere
L litter
P pond
H heat
w water
sat saturation

Superscript
i isotope
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In unsaturated soils, the depth of the peak in soil water isotope
composition is associated with the depth of the evaporating front,
i.e. the depth below which liquid transport and above which va-
pour transport is dominant (Barnes and Allison, 1983) The peak
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in isotopic composition occurs because vapour transfer causes the
remaining liquid water to be enriched due to equilibrium fraction-
ation (preferential affinity of the lighter isotopologue for the va-
pour-phase) and kinetic fractionation (preferential diffusion of
the lighter isotopologue). The vertical distribution of minor isoto-
pologues is therefore sensitive to the vapour-phase component of
the soil moisture flux. Despite this sensitivity, none of the hydro-
logical schemes incorporated in current isotopically-enabled LSMs
considers vapour-phase transfer of soil moisture: the most sophis-
ticated of these (e.g. Riley et al., 2002; Yoshimura et al., 2006) treat
vertical transport of soil moisture using Richards equation, which
expresses the soil moisture flux between multiple soil layers as
the sum of liquid suction and drainage terms, while simpler mod-
els (see examples in Henderson-Sellers et al., 2006) ignore the ver-
tical distribution of soil moisture and isotopes altogether, by
treating the entire soil moisture reservoir as a single bucket. The
latter can lead to apparent fractionation factors that are not con-
stant but change with time and soil water status (Braud et al.,
2009a,b), which may in turn lead to erroneous conclusions of soil
water isotope applications such as partitioning evapotranspiration.

In this work, we present Soil–Litter–Iso: a new one-dimensional
model for coupled transport of heat, water and stable isotopes (HDO
and H2

18O) in soil and litter. Like SiSPAT-Isotope, it is based on the 1-
dimensional coupled transport of heat and water in soil and there-
fore decomposes the total moisture flux into liquid and vapour com-
ponents. In addition, the numerical implementation is faster than
SiSPAT; ponding is included and there is an optional litter layer,
which strongly inhibits soil evaporation. These attributes make the
model suitable for incorporation into an LSM. We describe below
the basic soil model (Section 2) and the incorporation of stable iso-
topes (Section 3). In Section 4 we present a series of test-cases which
lend credibility to the model’s numerical accuracy and robustness
and in Section 5 we demonstrate the model’s operation within an
LSM by performing multi-year simulations for the Tumbarumba flux
site, located in a tall Eucalyptus forest in south-eastern Australia.

2. Model description

2.1. The Soil–Litter model

The basic model (without isotopes) is presented in detail in
Appendix A and described only briefly here. It is an extension of
Ross’ fast numerical solution (Ross, 2003) of Richards equation:

@hl

@t
¼ @

@z
½�Kðdh=dzÞ þ K� � rex ð1Þ

which is a combination of Darcy’s Law for vertical downward flow:

ql ¼ �Kðdh=dzÞ þ K ð2Þ

and the conservation equation for soil moisture:

@hl

@t
¼ @ql

@z
� rex ð3Þ

Features of Ross’ model that have been retained include: discretisa-
tion in time and space; adaptive time stepping; calculation of liquid
water fluxes in terms of the flux matric potential difference and an
appropriately weighted drainage term (see Appendix A, Eq. (A.51));
treatment of saturated soil, surface runoff and ponding. Note that
the weighting of the drainage term allows the model to be run using
varying soil hydraulic properties with depth, without resorting to
very small layer thicknesses. The major modification to Ross’ model
is that the vapour-phase water flux:

qv ¼ �Dvðdcv=dzÞ ð4Þ

is added to the liquid flux and the conservation equation for energy
is introduced:
csoil@T
@t

¼ @qH

@z
ð5Þ

with

qH ¼ �kH
dT
dz
� qkEqv ð6Þ

Since a component of the vapour-phase moisture flux is tempera-
ture-dependent, and a component of the heat flux depends on soil
moisture potential, the equations for moisture and energy conser-
vation are coupled. This leads to a set of 2n linear equations which
are solved simultaneously for the changes over the time-step in rel-
ative soil moisture content and in temperature in each of n layers by
inversion of a single sparse matrix. A further modification is that the
surface boundary condition is specified at the beginning of each
time step by solving the coupled energy and moisture conservation
equations at the air/soil interface:

1
rbw
½hr;sðcv;satðT1Þ þ sðT1ÞðTs � T1ÞÞ � cv;a�

¼ Dv ;1

dx1=2
cv;satðT1Þðhr;1 � hr;sÞ þ

Dv;1

dx1=2
sðT1Þhr;1ðT1 � TsÞ

þ ð/lðhr;1Þ � /lðhr;sÞÞ
dx1=2

� K1

� �
ð7Þ

Rnet ¼
qacp

rbh
ðTs � TaÞ þ

qke

rbw
½hr;0ðcv;satðT1Þ þ sðT1ÞðTs � T1ÞÞ � cv;a�

� kH;1

dx1=2
ðT1 � TsÞ ð8Þ

for surface temperature (Ts) and relative humidity (hr,s). These vari-
ables are used in turn to calculate the heat and moisture fluxes at
the surface. (In Eqs. (7) and (8), the subscript ‘‘1” refers to the top
toil layer.)

An optional litter layer on top of the soil column reduces soil
evaporation, because it does not permit upward movement of li-
quid water from the soil column to the litter layer or from within
the litter layer to the surface. Transfer of water across the litter
layer is restricted to vapour-phase transfer and downward drain-
age of liquid water from the litter to the soil column when the litter
is saturated. The litter layer also insulates the soil column because
it has a relatively low thermal conductivity. When a litter layer is
present, we solve the coupled energy and moisture conservation
equations (Eqs. (7) and (8)) both at the air/litter interface and at
the litter/soil interface.

Ogée and Brunet (2002) and Gonzalez-Sosa et al. (1999, 2001)
have demonstrated the importance of including litter on modelled
soil evaporation in forest and agricultural ecosystems respectively.
Our parameterisation of the litter layer is very similar to that of
Ogée and Brunet (2002), who presented a forest floor model for
heat and moisture including a litter layer. They showed that inclu-
sion of litter in their model significantly improved prediction of
soil temperature and moisture and components of the energy bud-
get (H, kE, G) at the ground in a pine forest. The significant differ-
ence between the two parameterisations is that Ogée and Brunet
set the evaporative flux from litter/soil interface to litter (qevap,L)
to zero, whereas we calculate it as a term in the energy and mois-
ture conservation equations at the litter/soil interface.

Numerical efficiency has been achieved by developing Ross’ fast
non-iterative solution of the Richards’ equation, which is 20–45
times faster than standard iterative methods (Ross, 2003) The com-
putation time for Soil–Litter–Iso is approximately three times long-
er than for Ross’ model, because we solve for two additional
variables, namely change in soil temperature and change in isoto-
pic concentration (see below). The optional litter layer increases
computation time by about a factor of 3, particularly because of



Table 1
Plausibility tests.

Test a+
Di

v Di
l

ak dv
a

(1) 1 Dv 0 1 dali

(2) 1 Dv 0 1 dv
a

(3) a+ Dv 0 1 dali

(4) a+ Dv 0 1 dv
a

(5) a+ Dv Di
l

1 dv
a

(6) a+
Di

v Di
l

ak dv
a

daliðDÞ ¼ �65‰; dalið18OÞ ¼ �8‰; dv
a ðDÞ ¼ �112‰; dv

a ð18OÞ ¼ �15‰.
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the small heat capacity of the litter which necessitates the use of
smaller time-steps.

2.2. Isotope transport in the Soil–Litter–Iso model

Treatment of stable isotopes in soil water is presented in detail
in Appendix B and described briefly here. The solution for the
change in minor isotopologue concentration, ci

l, is performed sepa-
rately, after the soil moisture and temperature have been updated
in the main part of the code. Note here that all computations are
performed with isotopologue concentrations in typical solute units
of kg m�3 H2O(l) and are converted to delta units (di) for display
purposes only. We use the classical definition of di:

di ¼
Ri � Rref

Rref
ð9Þ

where

Ri ¼
MW

Mi

ci
l

q
ð10Þ

and Rref is a reference value corresponding to the molar isotopic ra-
tio of Vienna Mean Standard Ocean Water (VSMOW, Gonfiantini,
1978).

The one-dimensional conservation equation for the minor iso-
topologue (HDO or H2

18O) is:

@

@t
fci

l½hl þ aþcvðhsat � hlÞ�g ¼ �
@

@z
ðqi

l þ qi
vÞ � ci

lrex ð11Þ

Where the liquid-phase flux of the minor isotopologue is the sum of
advective and diffusive components:

qi
l ¼ ci

lql � Di
l
dci

l

dz
ð12Þ

and the vapour-phase flux of the minor isotopologue is a diffusive
process which is expressed as a term which is proportional to qv,
plus contributions due to the vertical gradients in ci

l and in a+

(and therefore temperature):

qi
v ¼ �Di

v
dci

v
dz
¼ �Di

v
dðaþci

lcvÞ
dz

¼ �Di
va
þci

l
dcv

dz
� Di

vcv aþ
dci

l

dz
þ ci

l
daþ

dz

 !

¼ ak;diff aþci
lqv � Di

vcvaþ
dci

l

dz
� Di

vcvci
l
daþ

dz
ð13Þ

Substituting Eqs. (12) and (13) into Eq. (11) and rewriting it in dis-
crete form leads to a set of n linear equations which can be solved
simultaneously for Dci

l in each layer by a single tridiagonal matrix
inversion.

The surface boundary flux of the minor isotopologue is evalu-
ated as:

qi
0 ¼ ci

precqprec � ðci
evap;outqevap;out � ci

evap;inqevap;inÞ ð14Þ

with

qevap;out ¼ cv;s=rbw ð15Þ
qevap;in ¼ cv;a=rbw ð16Þ
ci

evap;out ¼ akaþðTsÞci
l;s ð17Þ

ci
evap;in ¼ akqRaMi=Mw ð18Þ

In Eqs. (14)–(18), ‘‘in” and ‘‘out” refer to the gross (one-way) fluxes
from the atmosphere to the surface and from the surface to the
atmosphere respectively.
The surface concentration of the minor isotopologue ðci
l;sÞ,

which is required to evaluate ci
evap;out , is obtained from the conser-

vation equation for the minor isotopologue at the air/soil interface:

ak

rbw
ðcv;sci

l;sa
þðTsÞ � ci

v;aÞ ¼ ak;diff
Dv;1

Dx1=2
ðcv;1aþðT1Þci

l;1 � cv;sci
l;sa
þðTsÞÞ

� ql;0ðwsci
l;s þw1ci

l;1Þ þ
Di

l;1

Dx1=2
ðci

l;1 � ci
l;sÞ

ð19Þ

Explicit resolution of the isotopic concentration at the air/soil inter-
face allows a much thicker top soil layer than could be used if equal
concentrations at the surface and within the top soil layer were
assumed.
3. Test cases vertical isotopic concentration profiles

3.1. Plausibility test-cases

Mathieu and Bariac (1996) designed six test-cases for the pur-
pose of checking that the model produces plausible results as
sources of isotopic fractionation in the model are switched on
sequentially. Braud et al. (2005a) also used these test-cases as
qualitative tests of SiSPAT-Isotope. Here we repeat the test-cases
for Soil–Iso–Litter. Following Braud et al. (2005a), we consider a
1 m soil column with properties of Yolo Light clay (hsat = 0.35;
hr = 0.01; k = 0.22; g = 9.14; Ksat = 1.23 � 10�7; he = �0.193) initially
saturated with uniform isotopic concentration dali and temperature
303 K. It is exposed to an atmosphere with Ta = 303 K, hr,a = 0.2 and
water vapour isotopic concentration dv

a for 250 days. Net radiation
absorbed by the soil was set to zero, leading to approximately iso-
thermal conditions. We used a zero-flux bottom boundary condi-
tion for soil moisture and isotope fluxes, which contrasts to the
normal free drainage fluxes. Fluxes at the soil surface were deter-
mined as normal, by solving the coupled energy and moisture bal-
ances at the air/soil interface. For these tests, the soil was divided
into 20 layers, with a top layer thickness of 9 mm. The conditions
for each test are listed in Table 1 and the corresponding vertical
concentration profiles of the minor isotopologues at the end of
the 250 day period are shown in Fig. 1. Formulations of a+ and ak

are given in Appendix B.7. Note that, for consistency with Braud
et al. (2005a) and Mathieu and Bariac (1996), the values of Di

v
(which are also used to evaluate ak) in Test 6, and in comparisons
with steady-state analytical solutions (Sections 3.2 and 3.3), are
those measured by Merlivat (1978). Elsewhere in this work, we
use the updated values of Di

v measured by Cappa et al. (2003).
In Test (1), the isotopic ratio of atmospheric water vapour is set

equal to that of the initial soil water; equilibrium and kinetic frac-
tionation factors are set to one and liquid diffusion of the minor
isotopologue is set to zero. As expected, the result is a uniform con-
centration profile. The small standard deviation of 2 � 10�15‰ is
indicative of the model’s numerical robustness, and contrasts with



Fig. 1. Plausibility tests 1–6: simulations at end of 250-day period. Vertical profiles of (a) soil moisture; (b) liquid and vapour components of the moisture flux; (c) HDO
concentration; (d) H2

18O concentration.
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the much larger deviation (0.15‰) obtained using SiSPAT-Isotope
with a much smaller (1 � 10�3 mm) top layer.

Test (2) is the same as Test (1), except that the isotopic ratio
in the atmospheric water vapour is given a realistic value which
is significantly lower than that of the initial soil water. The result
is that the isotopic concentration in the surface soil moisture
approaches that in the atmospheric water vapour and increases
smoothly with depth to its initial value due to vapour diffusion.

Test (3) is the same as Test (1), except that equilibrium isotopic
fractionation is turned on both within the soil column and at the
surface. The latter determines the isotopic enrichment in the soil
surface water. The rapid increase in isotopic enrichment with
height in the region below 5 cm is attributable to the large vapour
flux divergence, combined with equilibrium isotopic fractionation
in this region. Above 5 cm, the vapour flux is approximately con-
stant, so that equilibrium isotopic fractionation within the soil
has a smaller effect on the profile and there is a gradual transition
to the surface value.

Test (4) is the same as Test (3), except that the isotopic ratio in
the atmospheric water vapour is reset to a realistic value, which
shifts the isotopic enrichment at the surface to a lower value. This
surface effect, combined with the increasing enrichment with
height due to equilibrium fractionation in the region of large va-
pour flux divergence leads to the observed maximum in isotopic
enrichment.

Test (5) is the same as Test (4), except that liquid diffusion is
turned on, which leads to a smearing of the isotopic concentration
profile and hence a broader peak with a smaller height.

Test (6) is the same as Test (5) except that kinetic fractionation
at the surface is switched on and the isotopic water vapour diffu-
sivity is set to its true value. The former has the effect of shifting
the enrichment at the surface to a slightly higher value. The major
difference between the shapes of the profiles in Tests (5) and (6),
(namely a higher peak) is attributable to the isotopic vapour diffu-
sivity, which is smaller for the heavier isotopologue. Since vapour
‘‘advection” (see first term in Eq. (B.4)) within the soil column is
actually a diffusive process, the higher diffusivity of the lighter iso-
topic species leads to its preferential removal in the region of va-
pour flux divergence, which increases the isotopic enrichment in
the remaining liquid soil moisture, leading to a bigger peak in
the concentration profile.

The simulations above highlight the importance of including
vapour-phase movement within the soil column. Without this pro-
cess, neither equilibrium fractionation nor diffusional fractionation
of the isotopologues within the soil column could be simulated and
the maximum in the isotopic concentration profiles, which coin-
cides with the sharp decrease in soil moisture (Fig. 1a) and the
transition from liquid to vapour-dominated flux (Fig. 1b), could
not be reproduced.
3.2. Comparison with steady-state analytical solution: isothermal
saturated case

Barnes and Allison (1983) derived an analytical solution for the
steady-state isotopic concentration profile in a saturated soil col-
umn. Steady-state is achieved by constantly re-alimenting the soil
column from the bottom with water of constant isotopic concen-
tration ci

l;ali at a rate equal to the evaporation rate. The vertical iso-
topic ratio profile is then:



Fig. 2. HDO concentration profile for saturated soil column at equilibrium:
simulations from Soil–Litter–Iso and from the analytic solution of Barnes and
Allison (1983).
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ci
lðz; tÞ ¼ ci

l;ali þ ðci
l;s � ci

l;aliÞ exp �
qqevap

Di
l

z

 !
ð20Þ

We simulated the steady-state isothermal saturated profile with
Soil–Iso–Litter using the same soil column and conditions as for
Test (6) above, except that the bottom boundary condition was
changed so that qn = �qevap and ci

l;n ¼ ci
l;ali. Results for HDO are com-

pared in Fig. 2. The excellent agreement (to within 0.5‰) illustrates
good numerical accuracy under saturated conditions.
Fig. 3. Vertical profiles for non-isothermal unsaturated soil column at equilibrium: (
components of moisture flux; (d) HDO concentration profiles from Soil–Litter–Iso and f
3.3. Comparison with steady-state analytical solution: non-isothermal
unsaturated case

Barnes and Allison (1984) derived a differential equation for the
isotopic ratio profile at steady-state under non-isothermal unsatu-
rated conditions:

hrzvRi 1� aþ

ak;diff

� �
d
dz

lnðhrqcv;satÞ
� �

� aþ

ak;diff

d
dz

lnða�RiÞf g
� �

¼ Ri � Rali þ
zl

Di
l

dRi

dz
ð21Þ

where

Ri ¼
ci

l

q
Mw

Mi
ð22Þ

zv ¼
Di

vcv;sat

qevap
ð23Þ

zl ¼
Di

l

qevap
ð24Þ

We tested the model against Eq. (21) as follows. Conditions for Soil–
Litter–Iso were the same as for the steady-state saturated case
above, except that the initial soil moisture content was set to 0.7
of its saturated value; net radiation absorbed by the soil was set
to 200 W m�2 and the heat flux at the lower soil boundary was
set equal to the heat flux into the top of the soil column. Results
are shown in Fig. 3. The steady-state soil moisture profile exhibits
a) volumetric soil moisture content; (b) soil temperature; (c) liquid and vapour
rom semi-analytic solution of Barnes and Allison (1984).
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an inflexion point at a depth of about 2 cm, corresponding to the
evaporating front. It is also the point at which the upward flux of
soil moisture switches from being predominantly liquid-phase to
predominantly vapour-phase, and there is an accompanying maxi-
mum in the isotopic concentration profile. The temperature profile,
which increases with depth, produces a positive contribution to qvap

(note the slightly positive values of qvap at depths of around 5 cm),
which influences the isotopic concentration profile via Eq. (B.4). The
Semi-Analytic solution was obtained by solving Eq. (21) numeri-
cally, using cubic spline interpolating functions for each of the
depth-dependent input variables hr, a+, cv,sat, Di

v , which were cre-
ated from Soil–Litter–Iso output. The result agrees very well (to
within 0.5‰) with Soil–Litter–Iso, indicating that the model is
numerically accurate for unsaturated, non-isothermal conditions.
3.4. Robustness to soil layer thickness

A key advance of Soil–Litter–Iso over SiSPAT-Isotope and its
predecessors, is that it is sufficiently robust to be run with rela-
tively coarse layering (top soil layer 2 cm) and time-step (1 h),
which leads to computational efficiency and hence versatility.
Fig. 4 illustrates the model’s robustness to soil layer thickness dur-
ing drying. We choose a drying period because the development of
a pronounced peak in the isotopic profile provides a stringent test.
(In the case of soil wetting, the minor isotopic species behaves as a
noninteracting solute, for which Ross (2003) has already demon-
strated robust model performance using thick soil layers.) In
Fig. 4a, we compare two steady-state isotopic concentration pro-
files, both generated using the same conditions as for the unsatu-
rated non-isothermal testcase above. The simulation performed
Fig. 4. Steady-state unsaturated non-isothermal HDO concentration profile simulated usi
soil column with top 23 cm sandy soil and clayey soil underneath.
with only 10 soil layers and a top soil layer of 0.02 m compares
very favourably (to within 0.5‰) with that obtained with 70 layers
and a top soil layer of 10�4 m. In Fig. 4b, we repeat the simulations
using a dual-horizon soil column. The top 23 cm have the proper-
ties of a sandy soil, and the remainder of the 180 cm soil column is
a clayey soil, with clayey and sandy soil hydraulic properties taken
from Ross (2003). Here we see that results of simulations with 20
layers (top soil layer 0.8 cm) agree well (to with 3‰) of results of
simulations with 70 layers. However the 10-layer-scheme (results
not shown) only agreed with the 70-layer-scheme to within 10‰.
Thus, while the model’s accuracy is extremely good for the coarse
10-layer-scheme when there is a single soil type, higher vertical
resolution is required when there is more than one soil type. Nev-
ertheless, the vertical resolution of the 20-layer-scheme, shown to
be satisfactory for the dual-horizon soil, is still much coarser than
the used in SiSPAT-Isotope [soil layer thicknesses of 10�6–10�4 m
near the surface (Braud et al., 2005a)]. The ability to use thicker
surface layers in Soil–Litter–Iso is achieved by solving for surface
temperature, humidity and isotopic concentration at the soil/air
interface, which is necessary because the isotopic concentrations
tend to vary steeply with soil depth near the surface, and therefore
the concentrations at the surface and within the top soil layer need
to be distinguished.
4. Dynamic simulations with and without litter at the
Tumbarumba flux site

Finally we show results of multi-year simulations for the
Tumbarumba flux site (Leuning et al., 2005), situated in a tall Eucalypt
forest in south-eastern Australia. Here, total evapotranspiration
ng different layering schemes. (a) soil properties for Yolo light clay; (b) dual-horizon
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above the canopy is measured continuously by eddy covariance
and volumetric soil moisture (0–120 cm at depth resolution
15 cm) is measured continuously by time domain reflectometry.
For these simulations, Soil–Litter–Iso was incorporated into an
LSM called CABLE (Kowalczyk et al., 2006), which was forced using
hourly meteorological data (hr,a; Ta; windspeed; incoming short-
wave and longwave radiation, precipitation). Measurements were
unavailable for the H2

18O concentrations of atmospheric water va-
pour and precipitation and respective constant values of �15‰

and �8‰ were assumed. (Note here that these values are arbitrary
and the resulting simulations of H2

18O in the soil evaporate are not
intended to reflect reality, but to illustrate the sensitivity of the
model predictions to the inclusion of litter.) The bottom boundary
conditions were free drainage and zero heat flux. Vegetation
parameters were set to those values obtained in an earlier study
at this site (Haverd et al., 2009) by parameter estimation using
multiple constraints. A 2-horizon soil column of depth 10 m was
used, with parameters based on the Atlas of Australian Soils
(McKenzie and Hook, 1992). Parameter values for the upper hori-
zon (top 30 cm) were: (hsat = 0.47; hw = 0.14, hr = 0, k = 0.29;
g = 9.9; Ksat = 5.3 � 10�5; he = �0.364) and for the remainder of
the soil column: (hsat = 0.44; hw = 0.15, hr = 0, k = 0.15; g = 16.3;
Ksat = 2.03 � 10�5; he = �0.266). Simulations were performed with
and without a litter layer. Litter parameter values: hsat,L = 0.09
and qb,L = 63.5 kg m�3 were set in accordance with the Eucalpytus
litter properties described by Matthews (2005). The litter layer
depth was set to 3 cm, consistent with the above bulk density
and measured dry litter mass (Heather Keith, pers. comm.).

Root-water uptake was modelled as:

rexðh; zÞ ¼ aðhÞgðzÞqtrans ð25Þ

where a(h) is the root efficiency function of Lai and Katul (2000),
g(z) is the vertical root density distribution of Li et al. (1999). (See
Fig. 5. 30-day running mean times series for the Tumbarumba flux site. (a) Total evapotra
(2001–2009 mean subtracted) (d) d18O in H2O for soil evaporate. Thick light grey lines ar
thin black lines are the predictions of the model without litter.
Appendix C for full description.) Hourly values of the actual transpi-
ration rate, qtrans, were derived from CABLE’s sunlit/shaded two-leaf
model (Wang and Leuning, 1998) which couples stomatal conduc-
tance, photosynthesis and energy partitioning in response to radia-
tion absorption, temperature, water vapour pressure deficit at the
leaf surfaces and soil moisture. Stomatal conductance is assumed
to vary linearly with a function of soil moisture, f(h), which, for con-
sistency with root extraction, was set here to:

f ðhÞ ¼
Z L

0
aðhÞgðzÞdz ð26Þ

where L is the depth of the soil column.
CABLE was run at an hourly time-step, and Soil–Litter–Iso was

called at each time-step from within CABLE. Transpiration and
hence root extraction rates were assumed to remain constant for
the duration of each hourly time-step.

Model results, along with eddy flux measurements of total
evapotranspiration (ET) and time domain reflectometry measure-
ments of volumetric soil moisture content in the top 15 cm, are
shown as 30-day running means in Fig. 5. We plot volumetric soil
moisture content as an anomaly (i.e mean value over 2001–2009
subtracted) because of the high uncertainty in the absolute value
of the observations. The model with litter better reproduces the
observed seasonal dynamics of total evapotranspiration (ET)
(Fig. 5a) than the model without litter. Neither model has been cal-
ibrated and it is therefore not possible to argue conclusively that
the model with litter is superior. However it is likely that the inclu-
sion of litter improves model performance at this site because the
improved timing of the modelled ET peaks when litter is included
is interpretable in terms of process description as follows. The
model without litter over-predicts ET in spring each year because
of the significantly larger contribution from soil evaporation
nspiration, (b) soil evaporation and (c) volumetric soil moisture (0–15 cm) anomaly
e observations, medium grey lines are predictions of the model with the litter layer,
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(Fig. 5b) and is unable to capture the observed peak in ET in the dry
summer of 2006–2007 because higher soil evaporation rates leave
less soil moisture available for transpiration. (Note this is not evi-
dent in Fig. 5c because here soil moisture is plotted as anomaly.)
Both models generally capture the soil moisture dynamics well
(Fig. 5c), except in the winter of 2006 when both models signifi-
cantly underpredict the anomaly and mean annual precipitation
was 40% of the 1990–2009 average. This points to model deficiency
in the root water uptake, given the good predictions of total ET
during this period. Model predictions for the 0–120 cm column
are in much better agreement with observations (results not
shown), indicating that the model is over-extracting water from
the top 15 cm. In Fig. 5d we plot the H2

18O concentration of the soil
evaporate (in d-units). The corresponding values for the transpirate
(�6.4 ± 0.5‰ for the model with litter and �7.3 ± 0.17‰ for the
model without litter) (not shown) are consistently close to those
of the bulk soil (�8‰). The soil evaporate slowly approaches this
value as the soil dries out and ET reaches its seasonal peak. It is
then challenging to discriminate between soil evaporation and
plant transpiration with isotopes. However the approach time for
the model with litter (�3 months) is about twice as long as for
the one without and there are more frequent periods when the iso-
topic signatures of the ET components are distinct.
5. Conclusions

Soil–Litter–Iso represents an advance upon currently available
models for the coupled transport of soil moisture, heat and iso-
topes, insofar as it combines advanced process description, numer-
ical accuracy and numerical efficiency. The process description
includes vapour-phase transfer of soil moisture and inhibition of
soil evaporation by litter, which have not previously been ac-
counted for in isotopically-enabled LSMs. The plausibility test-
cases (Fig. 1) show that the isotopic soil profiles are sensitive to
isotopic fractionation during vapour-phase diffusion and equilibra-
tion between liquid and vapour phases within the soil column. The
inclusion of these fractionation effects is conditional upon the
inclusion of vapour-phase transfer within the soil column. Numer-
ical accuracy has been tested by comparing model output with
steady-state analytical solutions for both isothermal flow under
saturated conditions and non-isothermal flow under unsaturated
conditions. The excellent agreement was as good or better than
that obtained by earlier models. Numerical efficiency has been
achieved by using Ross’ fast non-iterative solution of the Richards’
equation, which is 20–45 times faster than standard iterative
methods (Ross, 2003). The computation time for Soil–Litter–Iso is
approximately three times longer than for Ross’ model, because
we solve for two additional variables, namely change in soil tem-
perature and change in isotopic concentration. Robustness to sur-
face soil layer thickness, as demonstrated in Fig. 4, is achieved by
solving for surface temperature, humidity and isotopic concentra-
tion at the soil/air interface. Simulations for the Tumbarumba flux
site (Fig. 5) demonstrated the model’s operation within an LSM.
They indicated that the components of the water balance are
highly sensitive to the presence of litter, and that the model with
litter is better able to reproduce observed total evapotranspiration
at this site. Simulations of d18O of the soil evaporation and plant
transpiration fluxes showed isotopic signatures of the transpirate
which were consistently close to those of the bulk soil water, while
the d18O of the soil evaporate tended to slowly approach this value
over a drying period (1–3 months). The simulations without litter
(higher soil evaporation rates and drier soil) showed much more
extended periods of approximately equal signatures for soil evap-
orate and plant transpirate than the simulations with litter. Such
simulations are useful for assessing when the isotopic signatures
are sufficiently distinct to partition ET into its component fluxes.
However, the model is a one-dimensional representation of reality
and in addition has the same restrictions as any hydrologic model.
Namely, most parameters, e.g. in the Brooks and Corey relations,
are effective parameters over the soils heterogeneity. The same is
true for new parameters introduced in Soil–Litter–Iso, e.g. the litter
parameters saturated volumetric moisture content (hsat,L) and dry
bulk density (qb,L). Further uncertainty arises via uncertainty in
process description. Most prominent is root water uptake (c.f. Fed-
des et al., 2001). Soil–Litter–Iso adapts but is not limited to the root
water uptake model of Lai and Katul (2000). Any other root uptake
model can be implemented. In the isotopic part of the model, the
kinetic fractionation at the soil/air interface is another example
of uncertain process knowledge (Braud et al., 2005b). Again, the
adopted formulation is only a suggestion that can be changed
easily in the model.
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Appendix A. Soil–Litter model description

The time evolutions of soil moisture h and temperature T, and
hence moisture and energy exchange between the soil and the
atmosphere, are estimated by solving the following one-dimen-
sional conservation equations for soil moisture and energy:

@h
@t
¼ @qw

@z
� rex ðA:1Þ

and

csoil@T
@t

¼ @qH

@z
: ðA:2Þ

Solution of these equations requires formulations of the moisture
flux qw and heat flux qH, boundary conditions and a numerical solu-
tion method, which are described below.

A.1. Moisture and heat fluxes within soil column

The vertical flux (positive downwards) of liquid water ql is the
sum of transport due to a gradient in pressure head h and transport
by gravitational drainage (hydraulic conductivity K):

ql ¼ �Kðdh=dzÞ þ K ¼ d/l=dzþ K ðA:3Þ

The temperature dependence of the liquid water flux ql is negligible
and will not be considered here. In Eq. (A.3), the matric flux poten-
tial ul is calculated from the Kirchhoff transform when the soil is
unsaturated:

/l ¼
Z h

�1
Kð�hÞd�h ¼

Z h

�1
Ksat

�h
he

 !�kg

d�h ¼ Ksathe

1� kg
h
he

� �1�kg

ðA:4Þ

It is used because it linearises the pressure head term in Eq. (A.3),
allowing discretised flux calculations to be performed accurately
over much larger distances than if h is used. For saturated soil,
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/l ¼
Ksathe

1� kg
ðA:5Þ

We use the Brooks and Corey relations (Brooks and Corey, 1964) to
define the soil moisture retention

S ¼ h� hr

hsat � hr
¼ h

he

� ��k

; h < he ¼ 1; h P he ðA:6Þ

and hydraulic conductivity curves:

K
Ksat
¼ Sg; h < he ¼ 1; h P he ðA:7Þ

with the shape parameters either independently specified or related
by (Campbell, 1974):

g ¼ 2=kþ 3 ðA:8Þ

The vertical flux of water vapour, qv is

qv ¼ �Dvðdcv=dzÞ ðA:9Þ

with Dv the diffusivity of water vapour in the bulk soil

Dv ¼ Dv;asðhsat � hlÞ ðA:10Þ

and Dv,a the diffusivity of water vapour in air which depends on
atmospheric pressure and temperature (De Vries, 1975):

Dv;a ¼ Dv;0
105

patm

T þ 273:15
273:15

� �1:88

ðA:11Þ

It is convenient to separate the water vapour flux into components
driven by gradients in relative humidity, hr, (and hence pressure
head, h) and saturated vapour pressure, cv,sat, (and hence
temperature):

qv ¼ qv;h þ qv;T ¼ � Dvcv ;sat
dhr

dz
þ Dvhr

dcv;sat

dz

� �
ðA:12Þ

The dependence of saturated vapour pressure cv,sat on T is calculated
from Teten’s formula (Ham, 2005):

cv;sat ¼ 610:78 expð17:27T=ðT þ 237:2ÞÞMW R=q=ðT þ 273:16Þ
ðA:13Þ

And we assume equilibrium between liquid and vapour water, such
that the dependence of hr on h is given by (Philip, 1957):

hr ¼ expðMwhg=RTÞ ðA:14Þ

We rewrite qv,h in terms of dh
dz:

qv;h ¼ �Dvcv;sat
dhr

dh
dh
dz

¼ �Dv;0
T þ 273:16

273:16

� �1:88

ðhsat � hÞscv;satchr
dh
dz

¼ �Dv;0
T þ 273:16

273:16

� �1:88

scv;sat
d/v

dz
ðA:15Þ

where Dv,0 is the diffusivity of water vapour in air at 0 K
(Dv,0 = 2.12 � 10�5 m2 s�1),

c ¼ MW g
RT

ðA:16Þ

/v ¼
Z h

�1
ðhsat � hðhÞÞdhr ¼

Z h

�1
ðhsat � hðhÞÞ dhr

dh
dh

¼
Z h

�1
ðhsat � hðhÞÞcechdh ðA:17Þ
Substitution of Eq. (A.6) into Eq. (A.17) yields

/v ¼ ðhsat � hrÞ ech �
Z h

�1

h
he

� ��k

cechdh

 !

¼ ðhsat � hrÞðech � checð1� k;�chÞÞ ðA:18Þ

with c the incomplete gamma function:

cða; zÞ ¼
Z 1

z
ta�1e�tdt ðA:19Þ

The total water flux, is then:

qw ¼ �
d/l

dz
þ K � Dv;0

T þ 273:16
273:16

� �1:88

scv;satc
d/v

dz
� gEDvhrs

dT
dz

¼ � d/l

dz
þ K � kv;h

d/v

dz
� kv;T

dT
dz

ðA:20Þ

with

kv;h ¼ Dv ;0
T þ 273:16

273:16

� �1:88

scv;sat ðA:21Þ

and

kv;T ¼ gEDvhrs ðA:22Þ
A dimensionless enhancement factor, gE, is introduced because the
observed transport of water vapour in a temperature gradient gen-
erally exceeds that predicted by Eq. (A.12). The enhancement factor
has the form (Campbell, 1985):

gE ¼ Aþ Bh� ðA� DÞ expð�ðChÞEÞ ðA:23Þ
with A ¼ 9:5; B ¼ 6; C ¼ 1þ 2:6f�1=2

c ; D ¼ 1; E ¼ 4 and fc the frac-
tion of clay in the soil.

The vertical heat flux is the sum of sensible and latent heat
fluxes:

qH ¼ �kH
dT
dz
� qkEqv ¼ �ðkH þ qkEkv;TÞ

dT
dz
� qkEqv;h ðA:24Þ

Here kH is the moisture-dependent thermal conductivity of the soil,
which is modelled according to Campbell (1985):

kH ¼ Aþ Bh� ðA� DÞ exp½�ðChÞE� ðA:25Þ

where

A ¼ 0:65� 0:78ðqb=1000Þ þ 0:60ðqb=1000Þ2 ðA:26Þ
B ¼ 1:06ðqb=1000Þh ðA:27Þ
C ¼ 1þ 2:6f�1=2

c ðA:28Þ
D ¼ 0:03þ 0:1ðqb=1000Þ2 ðA:29Þ

and E = 4.
A.2. Discretisation

In order to solve Eqs. (A.1) and (A.2) numerically, we need to
discretise them in space and time. The soil is divided into n hori-
zontal layers of thicknesses dxj, j = 1,2, . . . ,n. The moisture balance
equation for layer j is:

dxjðhr;j þ ðhsat;j � hr;jÞDSjÞ
Dt

¼ qr
w;j�1 � qr

w;j � rex;j ðA:30Þ

where rex,j is the rate of water uptake by roots in the jth layer and qr
w;j

is the flux from layer j to layer j + 1 evaluated at a fraction r through
the time step by linearisation in terms of Sj and Sj+1, Tj and Tj+1.
qr
w;j¼ q0

w;jþr
@qw;j

@Sj

����
0

DSjþ
@qw;j

@Sjþ1

����
0

DSjþ1þ
@qw;j

@Tj

����
0

DTjþ
@qw;j

@Tjþ1

����
0

DTjþ1

 !
;

j¼1; . . . ;n�1 ðA:31Þ
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Substituting Eq. (A.31) into (A.30) leads to a set of n linear
equations:

ajDSj�1 þ bjDTj�1 þ cjDSj þ djDTj þ ejDSjþ1 þ fjDTjþ1 ¼ gj;

j ¼ 1; . . . ;n ðA:32Þ

with

aj ¼
@qw;j�1

@Sj�1

����
0

ðA:33Þ

bj ¼
@qw;j�1

@Tj�1

����
0

ðA:34Þ

cj ¼
@qw;j�1

@Sj

����
0

�
@qw;j

@Sj

����
0

� dxjðhsat;j � hr;jÞ
rDt

ðA:35Þ

dj ¼
@qw;j�1

@Tj

����
0

�
@qw;j

@Tj

����
0

ðA:36Þ

ej ¼
�@qw;j

@Sjþ1

����
0

ðA:37Þ

fj ¼
�@qw;j

@Tjþ1

����
0

ðA:38Þ

gj ¼ �ðq0
w;j�1 � q0

w;jÞ=rþ rex;jdxj=r ðA:39Þ
c1 d1 e1 f1 0 0 0 0 � � � 0 0 0 0 0 0 0 0
cH;1 dH;1 eH;1 fH;1 0 0 0 0 � � � 0 0 0 0 0 0 0 0
a2 b2 c2 d2 e2 f2 0 0 � � � 0 0 0 0 0 0 0 0

aH;2 bH;2 cH;2 dH;2 eH;2 fH;2 0 0 � � � 0 0 0 0 0 0 0 0
0 0 a3 b3 c3 d3 e3 f3 � � � 0 0 0 0 0 0 0 0
0 0 aH;3 bH;3 cH;3 dH;3 eH;3 fH;3 � � � 0 0 0 0 0 0 0 0
0 0 0 0 a4 b4 c4 d4 � � � 0 0 0 0 0 0 0 0
0 0 0 0 aH;4 bH;4 cH;4 dH;4 � � � 0 0 0 0 0 0 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. . .

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

0 0 0 0 0 0 0 0 � � � an�3 bn�3 cn�3 dn�3 en�3 fn�3 0 0
0 0 0 0 0 0 0 0 � � � aH;n�3 bH;n�3 cH;n�3 dH;n�3 eH;n�3 fH;n�3 0 0
0 0 0 0 0 0 0 0 � � � 0 0 an�2 bn�2 cn�2 dn�2 en�2 fn�2

0 0 0 0 0 0 0 0 � � � 0 0 aH;n�2 bH;n�2 cH;n�2 dH;n�2 eH;n�2 fH;n�2

0 0 0 0 0 0 0 0 � � � 0 0 0 0 an�1 bn�1 cn�1 dn�1

0 0 0 0 0 0 0 0 � � � 0 0 0 0 aH;n�1 bH;n�1 cH;n�1 dH;n�1

0 0 0 0 0 0 0 0 � � � 0 0 0 0 0 0 an bn

0 0 0 0 0 0 0 0 � � � 0 0 0 0 0 0 aH;n bH;n

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

Dy1

DT1

Dy2

DT2

Dy3

DT3

Dy4

DT4

..

.

Dyn�3

DTn�3

Dyn�2

DTn�2

Dyn�1

DTn�1

Dyn

DTn

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

¼

g1

gH;1

g2

gH;2

g3

gH;3

g4

gH;4

..

.

gn�3

gH;n�3

gn�2

gH;n�2

gn�1

gH;n�1

gn

gH;n

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

ðA:50Þ
Similarly, the discretised conservation equation for heat is:

csoil;jdxjDTj

Dt
¼ qr

H;j � 1� qr
H;j ðA:40Þ

with the linearised heat fluxes:

qr
H;j ¼ q0

H;j þ r
@qH;j

@Sj

����
0

DSj þ
@qH;j

@Sjþ1

����
0

DSjþ1
@qH;j

@Tj

�����
0

DTj þ
@qH;j

@Tjþ1

����
0

DTjþ1

0
@

1
A;

j ¼ 1; . . . ;n� 1 ðA:41Þ

Substituting Eq. (A.41) into (A.40) leads to another set of n linear
equations:
aH;jDSj�1 þ bH;jDTj�1 þ cH;jDSj þ dH;jDTj þ eH;jDSjþ1 þ fH;jDTjþ1 ¼ gH;j;

j ¼ 1; . . . ;n ðA:42Þ

with

aH;j ¼
@qH;j�1

@Sj�1

����
0

ðA:43Þ

bH;j ¼
@qH;j�1

@Tj�1

����
0

ðA:44Þ

cH;j ¼
@qH;j�1

@Sj

����
0

�
@qH;j

@Sj

����
0

ðA:45Þ

dH;j ¼
@qH;j�1

@Tj

����
0

�
@qH;j

@Tj

����
0

� csoildxj

rDt
ðA:46Þ

eH;j ¼
�@qH;j

@Sjþ1

����
0

ðA:47Þ

fH;j ¼
�@qH;j

@Tjþ1

����
0

ðA:48Þ

gH;j ¼ �ðq0
H;j�1 � q0

H;jÞ=r ðA:49Þ

The two sets of linear equations can be written in the form of a
sparse matrix equation:
the solution of which yields Dy = DS and DT for each of the n layers,
if the layers are unsaturated. It yields Dy = D/ and DT if the layers
are saturated: see Section on Saturation below.

Partial derivatives in Eq. (A.31) are obtained by partial differen-
tiation of:

qw;j ¼
/l;j�1 � /l;j

dzj
þ kv ;h

/v;j�1 � /v;j

dzj
þwKj�1 þ ð1�wÞKj

þ kv;T
Tj�1 � Tj

dzj
ðA:51Þ

where the weight, w, is calculated so that qw,j is zero when hj�1 is
equal to hj � dzj (Ross, 2003). dzj is the distance between layer
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mid-points, except for the top and bottom boundaries, for which dzj

is half of the top/bottom layer thickness. Similarly, partial deriva-
tives in Eq. (A.41) are obtained from partial differentiation of:

qH;j ¼ qkEkvap;h
/v;j�1 � /v;j

dzj

� �
þ qkEkvap;h þ kH

	 
 Tj�1 � Tj
� �

dzj

ðA:52Þ

In Eqs. (A.51) and (A.52), the over-bars denote weighted mean val-
ues of variables in layers j � 1 and j, with weights given by dxj�1 and
dxj.

A.3. Saturation

If any layer is saturated, then the change in stored water in that
layer is zero, and the moisture balance is:

0 ¼ qr
w;j�1 � qr

w;j � rex;j ðA:53Þ

Thus instead of solving for DSj, we solve for D/j, replacing Sj by /j in
Eqs. (A.32) and (A.42), and setting the third term in cj to zero. A sat-
urated layer becomes unsaturated when the matric flux potential
drops below its saturated value. For the purpose of constructing
and solving the sparse matrix, we use a single moisture variable,
Dyj, which is set to DSj for unsaturated layers and D/j for saturated
layers.

A.4. Infiltration, ponding and runoff

In the absence of ponding or litter, infiltration (as required for
Eq. (A.30)) is the precipitation rate minus the evaporation rate:

qw;0 ¼ qprec � qevap ðA:54Þ

(Formulations for infiltration in the presence of ponding and litter
are presented later (Eqs. (A.55) and (A.115)).) The heat flux into
the top of the soil column (as required for Eq. (A.40)) is
then:qH,0 = G. Both q0

evapand G0 are calculated from the coupled
moisture/energy conservation equations at the surface.

Ponding occurs if /l,1 P /l(h = 0). Then infiltration is:

qw;0 ¼
Ksatðhp � heÞ
hp=2þ dx1=2

þ Ksat ðA:55Þ

and

qH;0 ¼
kHðTP � T1Þ

hp=2þ dx1=2
ðA:56Þ

If ponding occurs, we enlarge our sparse matrix by two rows and
two columns and solve for the changes in pond height (h0) and pond
temperature (T0) over the time step. The discretised conservation
equations for the pond height and pond temperature are:

DhP

Dt
¼ ðqprec � qevapÞ � q0

w;0 � r
@qw;0

@h0
DhP ðA:57Þ

cwhPDTP

Dt
¼ ðG� q0

H;0Þ � r
@qH;0

@h0
DhP þ

@qH;0

@T0
DTP þ

@qH;0

@T1
DT1

� �
ðA:58Þ

The coefficients for the additional rows in the sparse matrix are:

c0 ¼
@qw;0

@h0

����
0

� 1
rDt

ðA:59Þ

g0 ¼ �
qprec � qevap � q0

w;0

r
ðA:60Þ

d0 ¼ e0 ¼ f0 ¼ 0 ðA:61Þ
cH;0 ¼ �
@qH;0

@h0

����
0

ðA:62Þ

dH;0 ¼ �
@qH;0

@T0

����
0

� cwh0

rDt
ðA:63Þ

CH;0 ¼ 0 ðA:64Þ

fH;0 ¼
�@qH;0

@T1

����
0

ðA:65Þ

gH;0 ¼ �ðG� q0
H;0Þ=r ðA:66Þ

Runoff occurs when the pond height exceed its user-defined maxi-
mum value, hP,max:

qrunoff ¼
qprec � qevap � qw;0; hP > hP;max

0; hP 6 hP;max


ðA:67Þ

When hP > hP,max, hP remains constant for the duration of the time-
step and we do not solve Eq. (A.57), but retain Eq. (A.58), so that the
number of rows and columns in the sparse matrix is 2n + 1.

A.5. Litter

The optional litter layer is characterised by the following
parameters: thickness dxL; volumetric heat capacity of dry litter
cL,d, saturated moisture content hsat,L, dry bulk density qbL, pres-
sure head at saturation heL. The hydraulic conductivity of the lit-
ter is set to zero and therefore there is no movement of liquid
water within the litter by suction. Downward movement of liquid
water from the litter layer to the soil column is possible by drain-
age which can occur when the litter is saturated (Eq. (A.68)).
While the litter is unsaturated, there is no drainage of liquid
water from the litter to the soil. Once the litter is saturated, all
the available liquid water drains to the soil and is available for
infiltration.

qd ¼
qprec � qevap; hL ¼ hsat;L

0; hL < hsat;L


ðA:68Þ

Pressure head is related to litter moisture content by (Ogée and Bru-
net, 2002):

hL ¼ he;L
q
qbL

hL

� ��1=kL

ðA:69Þ

which is related to relative humidity by the Kelvin equation (Eq.
(A.14)). Following measurements of Myrold et al. (1981), we as-
sume parameter values of he,L = �35.0 m, kL = 0.42. These values
are considered as standard for dead organic material (Ogée and Bru-
net, 2002). he,L is highly negative because it is associated with water
which is strongly adsorbed within the litter particles.

Vapour diffusivity within the litter is estimated using the
empirical formulation of Matthews (2006):

DTðzLÞ ¼ DT0 exp v zL

dxL
� 1

� � �
ðA:70Þ

DT0 ¼ DT0;a expðUDT0;bÞ ðA:71Þ
v ¼ va þ Uvb ðA:72Þ

where zL is the depth within the litter (set here to 0.5dxL); U is wind-
speed 10 cm above the litter surface and va, vb, DT0,a and DT0,b are
empirical coefficients with respective values of 2.08, 2.38 m s�1,
2�10�5 m2 s�1, 2.60 m�1 s.

Heat conductivity of the litter layer is also taken from Matthews
(2006):

kH;L ¼ 0:2þ 0:14hL
q
qbL

ðA:73Þ
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Heat capacity is related to moisture content:

cL ¼ cL;d þ cwhL ðA:74Þ

Wit cw the volumetric heat capacity of liquid water (4.18 � 106 J
m�3 K�1) and cL,d is the volumetric heat capacity of dry litter
(1932qb,L J m�3 K�1).

When a litter layer is present, we require two additional linear
equations ((A.75) and (A.76)) for the moisture and energy balances
on the litter layer. Moisture content of the litter changes in response
to precipitation, evaporation from the litter, water flux at the top of
the soil column (in absence of drainage) and drainage (Eq. (A.68)):

dxLDSLhsat;L

Dt
¼ qprec � qevap � qw;0 � qd ðA:75Þ

The heat content of the litter changes in response to the heat flux at
the litter surface and the heat flux at the soil/litter interface:

cLdxLDTL

Dt
¼ G0 � qH;0 ðA:76Þ

and hence two additional rows and columns in our sparse matrix
equation, with additional variables being the change in litter tem-
perature and degree of litter saturation: DTL and DSL. Expanding
the fluxes in Eqs. (A.75) and (A.76) as:

qr
w;0 ¼ q0

w;0 þr
@qw;0

@SL

����
0

DSL þ
@qw;0

@S1

����
0

DS1 þ
@qw;0

@TL

����
0

DTL þ
@qw;0

@T1

����
0

DT1

 !

ðA:77Þ

qr
evap;0 ¼ q0

evap;0 þ r
@qevap;0

@SL

����
0

DSL þ
@qevap;0

@TL

����
0

DTL

 !
ðA:78Þ

qr
H;0 ¼ q0

H;0 þ r
@qH;0

@SL

����
0

DSL þ
@qH;0

@S1

����
0

DS1 þ
@qH;0

@TL

����
0

DTL þ
@qH;0

@T1

����
0

DT1

 !

ðA:79Þ

Gr ¼ G0 þ r @G
@SL

����
0

DSL þ
@G
@TL

����
0

DTL

 !
ðA:80Þ

leads to the following coefficients in the additional matrix rows:

c0 ¼ �
dxLhsat;L

rDt
�
@qevap

@SL

����
0

�
@qw;0

@SL

����
0

ðA:81Þ

d0 ¼ �
@qevap

@TL

����
0

�
@qw;0

@TL

����
0

ðA:82Þ

e0 ¼ �
@qw;0

@S1

����
0

ðA:83Þ

f0 ¼ �
@qw;0

@T1

����
0

ðA:84Þ

g0 ¼ �
ðqprec � q0

evap � q0
w;0 � qdÞ

r
ðA:85Þ

cH;0 ¼
@G
@SL

����
0

�
@qH;0

@SL

����
0

ðA:86Þ

dH;0 ¼
�cLdxL

rDt
þ @G
@TL

����
0

�
@qH;0

@TL

����
0

ðA:87Þ

eH;0 ¼ �
@qH;0

@SL

����
0

ðA:88Þ

fH;0 ¼ �
@qH;0

@TL

����
0

ðA:89Þ

gH;0 ¼ �
G0 � q0

H;0

r
ðA:90Þ

We note here that the inclusion of a litter layer using the above
equations leads to a significant increase in computation time be-
cause the linear approximations of Eqs. (A.77)–(A.80) are only valid
for small changes in temperature and moisture content and because
litter temperature in particular tends to change rapidly with time.
This is because the litter has a low heat capacity compared to soil,
and its temperature is therefore very sensitive to hourly changes
in meteorological forcing variables, particularly radiation and air
temperature. The increase in computation time can be lessened
by rewriting Eqs. (A.77)–(A.80) as expansions about Tr;approx

L instead
of T0

L :

qr
w;0 ¼ q0

w;0 þ r
@qw;0

@SL

����
0

DSL þ
@qw;0

@S1

����
0

DS1

 

þ
@qw;0

@TL

����
0

DTL þ T0
L � Tr;approx

L

	 

þ
@qw;0

@T1

����
0

DT1

!
ðA:91Þ

qr
evap;0 ¼ q0

evap;0þr
@qevap;0

@SL

����
0

DSLþ
@qevap;0

@TL

����
0

DTLþT0
L �Tr;approx

L

	 
 !

ðA:92Þ

qr
H;0 ¼ q0

H;0 þ r
@qH;0

@SL

����
0

DSL þ
@qH;0

@S1

����
0

DS1

 

þ
@qH;0

@TL

����
0

DTL þ T0
L � Tr;approx

L

	 

L
þ
@qH;0

@T1

����
0

DT1

!
ðA:93Þ

Gr ¼ G0 þ r @G
@SL

����
0

DSL þ
@G
@TL

����
0

DTL þ T0
L � Tr;approx

L

	 
 !
ðA:94Þ

where T0
L is the litter temperature at the end of the previous time-

step and Tr;approx
L is an approximation to the litter temperature mid-

way through the current time-step which accounts for the signifi-
cant influences of updated Rnet and Ta. It is estimated by equating
heat fluxes at the litter/air and soil/air interfaces, assuming: (i) a
uniform litter temperature within and at both lower and upper
boundaries of the litter layer; (ii) latent heat flux and soil tempera-
ture are equal to those of the previous time-step:

Tr;approx
L � T0

soil;1

dxL=2=kth;L þ dx1=2=kth;1
¼ Rnet � kE0 þ ðTa � Tr;approx

L Þqcp=rbh

ðA:95Þ

Initial flux estimates at the litter/air and soil/litter interfaces
ðq0

w;0; q0
evap;0; q0

H;0G0Þ, and their partial derivatives are made using
Tr;approx

L . The coefficients in the top two matrix rows remain the
same, except for g0 and gH,0 which become:

g0 ¼ �
ðqprec � q0

evap � q0
w;0 � qdÞ

r

� T0
L � Tr;approx

L

	 
 @qevap

@TL

����
0

þ
@qw;0

@TL

����
0

 !
ðA:96Þ

gH;0 ¼ �
G0 � q0

H;0

r
� ðT0

L � Tr;approx
L Þ � @G

@TL

����
0

þ
@qH;0

@TL

����
0

 !
ðA:97Þ

When litter and pond water are present simultaneously, they are
assumed to occupy the same vertical layer. In the presence of a
pond, SL is held constant at its saturated value and Eq. (A.57) is
solved for the change in pond height. A single temperature, TL, is as-
signed to the pond and litter and Eq. (A.76) is modified to account
for the heat capacity of the pond water:

ðcLdxL þ cwhPÞDTL

Dt
¼ G0 � qH;0 ðA:98Þ

The heat and moisture fluxes (at the beginning of the time step) at
the air/litter and litter/soil interfaces are determined by solving



V. Haverd, M. Cuntz / Journal of Hydrology 388 (2010) 438–455 451
the coupled moisture and energy conservation equations at these
interfaces, as described below. Partial derivatives of these fluxes
were evaluated numerically by revaluating the fluxes using per-
turbed values of temperature and moisture variables in the litter
and top soil layer.

A.6. Upper boundary condition: no ponding or litter

In the absence of ponding or litter, the surface temperature (Ts)
and relative humidity (hr,s) are evaluated by solving the coupled
equations for moisture and energy conservation at the soil/air
interface:

1
rbw
½hr;sðcv;satðT1Þ þ sðT1ÞðTs � T1ÞÞ � cv;a�

¼ Dv;1

dx1=2
cv;satðT1Þðhr;1 � hr;sÞ þ

Dv;1

dx1=2
sðT1Þhr;1ðT1 � TsÞ

þ ð/lðhr;1Þ � /lðhr;sÞÞ
dx1=2

� K1

� �
ðA:99Þ

Rnet ¼
qacp

rbh
ðTs � TaÞ þ

qke

rbw
½hr;sðcv;satðT1Þ þ sðT1ÞðTs � T1ÞÞ � cv ;a�

� kH;1

dx1=2
ðT1 � TsÞ ðA:100Þ

In Eq. (A.99), the left hand side is the water vapour flux from the
surface to the atmosphere. Note here that, cv,s is approximated as:

cv;s ’ hr;sðcv;satðT1Þ þ sðT1ÞðTs � T1ÞÞ ðA:101Þ

On the right hand side of Eq. (A.99), the first and second terms sum
to give the vapour flux from the centre of the top soil layer to the soil
surface (-qv,s). The first term is the component of the vapour flux dri-
ven by a moisture gradient, and the second is the component driven
by a temperature gradient. The third term is the liquid flux from the
centre of the top soil layer to the soil surface (-ql,s), and consists of a
component due to the soil moisture potential gradient, and a gravi-
tational flux. Since Eqs. (A.99) and (A.100) are non-linear in Ts and
hr,s, we use a numerical root-finding method to solve for these vari-
ables. These in turn allow us to evaluate surface evaporation; liquid
flux at the surface; vapour flux at the surface; surface sensible heat
flux, surface latent heat flux and heat flux into the soil respectively:

qevap ¼
1

rbw
½hr;sðcv ;satðT1Þ þ sðT1ÞðTs � T1ÞÞ � cv;a� ðA:102Þ

qv;s ¼ �
Dv ;1

Dx1=2
cv;satðT1Þðhr;1 � hr;sÞ �

Dv;1

Dx1=2
sðT1Þhr;1ðT1 � TsÞ

ðA:103Þ

ql;s ¼ �
ð/lðhr;1Þ � /lðhr;sÞÞ

Dx1=2
� K1

� �
ðA:104Þ

H ¼ qacp

rrc
ðTs � TaÞ ðA:105Þ

kEE ¼ kEqqevap ðA:106Þ

G ¼ � kH;1

dx1=2
ðT1 � TsÞ ðA:107Þ
A.7. Upper boundary condition: litter (no pond)

In the presence of litter and no pond, the moisture and energy
conservation equations at the air/litter interface are:

1
rbw
½hr;sðcv;satðTLÞ þ sðTLÞðTs � TLÞÞ � cv;a�

¼ Dv;L

DxL=2
cv ;satðTLÞðhr;L � hr;sÞ þ

Dv ;L

DxL=2
sðTLÞhr;LðTL � TsÞ ðA:108Þ
Rnet ¼
qacp

rrc
ðTs � TaÞ þ

qke

rbw
½hr;sðcv;satðTLÞ þ sðTLÞðTs � TLÞÞ � cv;a�

� kth;L

dxL=2
ðTL � TsÞ ðA:109Þ

Eqs. (A.108) and (A.109) are solved simultaneously for Ts and hr,s

which are then used to calculate the surface evaporation and com-
ponents of the surface energy balance.

And at the litter/soil interface, the moisture and energy conser-
vation equations are:

Dv;L

dxL=2
½hr;SLðcv;satðT1Þ þ sðT1ÞðTSL � T1ÞÞ � cv;L�

¼ Dv ;1

dx1=2
cv;satðT1Þðhr;1 � hr;SLÞ þ

Dv;1

dx1=2
sðT1Þhr;1ðT1 � TSLÞ

þ ð/lðhr;1Þ � /lðhr;SLÞÞ
dx1=2

� K1

� �
ðA:110Þ

0 ¼ kH;L

dxL=2
ðTSL � TLÞ þ

keDv;L

dxL=2
½hr;SLðcv;satðTLÞ þ sðTLÞðTSL � TLÞÞ � cv;L�

� kH;1

dx1=2
ðT1 � TSLÞ ðA:111Þ

Eqs. (A.110) and (A.111) are solved simultaneously for TSL and hr,SL.
These in turn allow us to evaluate evaporation from the soil to the
litter; liquid flux at the soil surface; vapour flux at the soil surface;
water flux into the soil column and heat flux into the soil column
respectively:

qevap;L ¼
Dv;L

dxL=2
½hr;sLðcv;satðT1Þ þ sðT1ÞðTsL � T1ÞÞ � cv;L� ðA:112Þ

ql;SL ¼ �
ð/lðhr;1Þ � /lðhr;SLÞÞ

dx1=2
� K1

� �
ðA:113Þ

qv;SL ¼ �
Dv;1

dx1=2
cv;satðT1Þðhr;1 � hr;sLÞ �

Dv;1

dx1=2
sðT1Þhr;1ðT1 � TSLÞ

ðA:114Þ

qw;0 ¼ ql;SL þ qv ;SL ðA:115Þ

qH;0 ¼ �
kH;1

dx1=2
ðT1 � TSLÞ ðA:116Þ
A.8. Upper boundary condition: ponding

In the presence of a pond, the relative humidity at the pond sur-
face is one, and the surface temperature is estimated by solving the
following energy conservation equation:

Rnet ¼
qacp

rrc
ðTs � TaÞ þ

qke

rbw
½ðcv;satðTLÞ þ sðT1ÞðTs � TLÞÞ � cv;a�

� kw

hP=2
ðTL � TsÞ ðA:117Þ

In Eq. (A.117), the three terms on the right hand side are H, kEE and
G. qevap is related to kEE by Eq. (A.106).

A.9. Lower boundary conditions

The lower boundary conditions are free drainage (qw,n = Kn) and
zero heat flux (qH,n = 0).
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Appendix B. Model for stable isotope transport

B.1. Fluxes of HDO or H2
18O within the soil column

The one-dimensional conservation equation for the minor iso-
topologue (HDO or H2

18O) is:
@

@t
ci

l½hl þ aþcvðhsat � hlÞ�
� �

¼ � @

@z
ðqi

l þ qi
vÞ � ci

lrex ðB:1Þ

The liquid-phase flux of the minor isotopologue is the sum of advec-
tive and diffusive components:

qi
l ¼ ci

lql � Di
l
dci

l

dz
ðB:2Þ

Similarly to Eq. (A.9), we write the vapour-phase flux of the minor
isotopologue as:

qi
v¼�Di

v
dci

v
dz
¼�Di

v
dðaþci

lcvÞ
dz

¼�Di
va
þci

l
dcv

dz
�Di

vcv aþ
dci

l

dz
þci

l
daþ

dz

 !

ðB:3Þ
Substituting Eq. (A.12) into Eq. (B.3), we obtain

qi
v ¼ ak;diff aþci

lqv � Di
vcvaþ

dci
l

dz
� Di

vcvci
l
daþ

dz
ðB:4Þ

where

ak;diff ¼
Di

v
Dv

ðB:5Þ

The terms in Eq. (B.4) are: (i) the advective flux of the minor isoto-
pologue in the vapour-phase; (ii) the component of the vapour dif-
fusive flux due to the vertical concentration gradient in the liquid
phase; (iii) the component of the vapour diffusive flux due to the
vertical gradient in the equilibrium fractionation factor (which is
dependent on soil temperature).

Substituting Eqs. (B.3) and (B.4) into (B.1), and noting that
h ¼ Sðhsat � hrÞ þ hr , the conservation equation becomes:
@

@t
fci

l½Sðhsat � hrÞ þ hr þ aþcvðhsat � hrÞð1� SÞ�g

¼ � @

@z
ci

lql � Di
l
dci

l

dz
þ ak;diff aþci

lqv � Di
vcvaþ

dci
l

dz
� Di

vcvci
l
daþ

dz

 !

� ci
lrex ðB:6Þ
B.2. Discretisation

We rewrite Eq. (B.6) in discrete form as:

hsat;jdxj

Dt
ci

l;jDSeff ;j þ Seff ;jDci
l;j

	 


¼ qr
l;j�1 ci

ql ;j�1 þ rDci
l;j�1

@ci
ql ;j�1

@ci
l;j�1

þ rDci
l;j

@ci
ql ;j�1

@ci
l;j

 !

� qr
l;j ci

ql ;j
þ rDci

l;j

@ci
ql ;j

@ci
ql ;j

þ rDci
l;jþ1

@ci
ql ;j

@ci
ql ;jþ1

 !

þ qr
v;j�1a

þ
j�1ak;diff ci

qv ;j�1 þ rDci
l;j�1

@ci
qv ;j�1

@ci
l;j�1

þ rDci
l;j

@ci
qv ;j�1

@ci
l;j

 !

� qr
v;ja

þ
j ak;diff ci

qv ;j
þ rDci

l;j

@ci
qv ;j

@ci
l;j

þ rDci
l;jþ1

@ci
qv ;j

@ci
l;jþ1

 !

þ
Di

l;j�1

dzj�1
ðci

l;j�1 þ rDci
l;j�1Þ � ðci

l;j þ rDci
l;jÞ

	 

�

Di
l;j

dzj
ððci

l;j þ rDci
l;jÞ

� ðci
l;jþ1 þ rDci

l;jþ1ÞÞ þ
Di

v;j�1cv;j�1aþj�1

dzj�1
ððci

l;j�1 þ rDci
l;j�1Þ

� ðci
l;j þ rDci

l;jÞÞ �
Di

v;jcv ;jaþj
dzj

ððci
l;j þ rDci

l;jÞ � ðci
l;jþ1 þ rDci

l;jþ1ÞÞ

� qex;jðci
l;j þ rDci

l;jÞ ðB:7Þ
The left hand side of Eq. (B.7) is the rate of change of storage of the
minor isotopologue in the jth layer, with Seff,j and DSeff,j defined as:

Seff ;j ¼ Sr
l;j þ cr

v ;ja
þ
j � cr

v;jS
r
l;ja
þ
j þ hr;j=ðhsat;j � hr;jÞ ðB:8Þ

DSeff ;j ¼ DSl;j þaþj Dcv ;j þ cr
v ;jDaþj � ðS

r
l;ja
þ
j Dcþv;jc

r
v;ja

þ
j DSl;j þ cr

v;jS
r
l;jDaþj Þ
ðB:9Þ

The terms on the right hand side of Eq. (B.7) represent: (i) liquid
advection from the layer above; (ii) liquid advection to the layer be-
low; (iii) vapour advection from the layer above; (iv) vapour advec-
tion to the layer below; (v) liquid diffusion from the layer above;
(vi) liquid diffusion to the layer below; (vii) vapour diffusion from
the layer above; (viii) vapour diffusion to the layer below; (ix) root
extraction. (Isotopic transport due to a vertical gradient in a+ is neg-
ligible and has not been included here.) For the advective terms, the
discretisation requires an estimate of the concentration of the iso-
topologue in the fluid being advected between layers j and j + 1.
For liquid advection, this concentration is defined as:

ci
ql ;j
¼ wl;jci

l;j þ ð1�wl;jÞci
l;jþ1 ðB:10Þ

Similarly, for vapour advection:

ci
qv ;j
¼ wv;jci

l;j þ ð1�wv;jÞci
l;jþ1 ðB:11Þ

We define the weighting coefficients in Eqs. (B.10) and (B.11) as

wl;j ¼
1; ql;j P 0
0; ql;j < 0

(
ðB:12Þ

wv ;j ¼
1; qvap;j P 0
0; qvap;j < 0

(
ðB:13Þ

These coefficients produce more stable solutions than
wl,j = wv,j = 0.5, particularly when two or more adjacent soil layers
are saturated.

We rewrite Eq. (B.7) in tridiagonal matrix form as:

AjDci
l;j�1 þ BjDci

l;j þ CjDci
l;jþ1 ¼ Dj; j ¼ 1; . . . ;n ðB:14Þ

and solve for Dci
l;jðj ¼ 1; . . . ;nÞ.

The coefficients in Eq. (B.14) are:

Aj ¼ qr
l;j�1

@ci
ql ;j�1

@ci
l;j�1

þ qr
v;j�1a

þ
j�1ak;diff

@ci
qv ;j�1

@ci
l;j�1

þ
Di

l;j�1

dzj�1
þ

Di
v;j�1cv;j�1aþj�1

dzj�1

ðB:15Þ
Bj ¼ �Seff ;j
hsat;jdxj

rDt
þ qr

l;j�1

@ci
ql ;j�1

@ci
l;j

� qr
l;j

@ci
ql ;j

@ci
ql ;j

þ qr
v;j�1a

þ
j�1ak;diff

@ci
qv ;j�1

@ci
l;j

� qr
v;ja

þ
j ak;diff

@ci
qv ;j

@ci
l;j

�
Di

l;j�1

dzj�1
�

Di
l;j

dzj

�
Di

v;j�1cv;j�1aþj�1

dzj�1
�

Di
v;jcv;jaþj

dzj
� qex;j ðB:16Þ
Cj ¼ �qr
l;j

@ci
ql ;j

@ci
ql ;jþ1

� qr
v;ja

þ
j ak;diff

@ci
qv ;j

@ci
l;jþ1

þ
Di

l;j

dzj
þ

Di
v;jcv ;jaþj

dzj
ðB:17Þ
Dj ¼
hsat;jdxj

rDt
ci

l;jDSeff ;j � qr
l;j�1ci

ql ;j�1=rþ qr
l;jc

i
ql ;j
=r

� qr
v ;j�1a

þ
j�1ak;diff ci

qv ;j�1=rþ qr
v;ja

þ
j ak;diff ci

qv ;j
=r�

Di
l;j�1

dzj�1

�ðci
l;j�1 � ci

l;jÞ=rþ
Di

l;j

dzj
ðci

l;j � ci
l;jþ1Þ=r�

Di
v;j�1cv;j�1aþj�1

dzj�1

�ðci
l;j�1 � ci

l;jÞ=rþ
Di

v;jcv ;jaþj
dzj

ðci
l;j � ci

l;jþ1Þ=rþ qex;jc
i
l;j=r ðB:18Þ
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B.3. Upper boundary condition: no ponding or litter

The flux of the minor isotopologue into the top of the soil col-
umn is:

qi
0 ¼ cprecqprec � ðcevap;outqevap;out � cevap;inqevap;inÞ ðB:19Þ

Net evaporation from the soil surface can be written as:

qevap ¼ qevap;out � qevap;in ðB:20Þ

with

qevap;out ¼ cv;s=rbw ðB:21Þ

and

qevap;in ¼ cv;a=rbw ðB:22Þ

Similarly, the evaporative flux of the minor isotopologue can be
written as:

qi
evap ¼ qi

evap;out � qi
evap;in ¼ ci

evap;outqevap;out � ci
evap;inqevap;in ðB:23Þ

with

qi
evap;out ¼

akci
v;s

rbw
¼

akaþðTsÞci
l;scv;s

rbw
¼ akaþðTsÞci

l;sqevap;out ðB:24Þ

and

qi
evap;in ¼

akci
v;a

rbw
¼ akcv;aqRaMi=Mw

rbw
¼ akqRaMi=Mwqevap;in ðB:25Þ

and hence

ci
evap;out ¼ akaþðTsÞci

l;s ðB:26Þ
ci

evap;in ¼ akqRaMi=Mw ðB:27Þ

Similarly to Eq. (A.99), the equation for conservation of the minor
isotopologue at the soil/air interface is:

ak

rbw
cv;sci

l;sa
þ Tsð Þ � ci

v;a

h i

¼ ak;diff
Dv;1

Dx1=2
ðcv;1aþðT1Þci

l;1 � cv;sci
l;sa
þðTsÞÞ

� ql;0ðwsci
l;s þw1ci

l;1Þ þ
Di

l;1

Dx1=2
ðci

l;1 � ci
l;sÞ ðB:28Þ

Rearranging Eq. (B.28) leads to the following expression for ci
l;s,

which is required to evaluate ci
evap;out:

ci
l;s ¼

ak;diff
Dv ;1

Dx1=2 cv ;1aþðT1Þci
l;1 þ ci

v;aak=rbw � ql;0ci
l;1w1 þ

Di
l;1

Dx1=2 ci
l;1

aþðTsÞakcv;s=rbw þ ql;0ws þ aþðTsÞak;diff cv;s
Dv ;1

Dx1=2þ
Di

l;1
Dx1=2

ðB:29Þ

B.4. Upper boundary condition: litter (no pond)

The flux of the minor isotopologue into the top of the litter layer
is:

qi
s ¼ cprecqprec � ðci

evap;outqevap;out � ci
evap;inqevap;inÞ ðB:30Þ

As for the case with no litter or pond, we use equations (B.26) and
(B.27) to evaluate ci

evap;out and ci
evap;in. In order to obtain ci

l;s, which is
required to evaluate ci

evap;out , we write the equation for conservation
of the minor isotopologue at the air/litter interface, which is analo-
gous to Eq. (A.108):
ak

rbw
½cv;sci

l;sa
þðTsÞ � ci

v;a� ¼ ak;diff
Dv;L

DxL=2
ðcv;LaþðTLÞci

l;L � cv;sci
l;sa
þðTsÞÞ

ðB:31Þ
Rearranging Eq. (B.31) leads to the following expression for ci
l;s:

ci
l;s ¼

ak;diff
Dv ;L

DxL=2 cv;LaþðTLÞci
l;L þ ci

v;aak=rbw

aþðTsÞakcv;s=rbw þ aþðTsÞak;diff cv;s
Dv ;L

DxL=2

ðB:32Þ

The flux of the minor isotopologue from the litter layer to the soil
column is:

qi
0 ¼ cprecqd � ðci

evap;out;Lqevap;out;L � ci
evap;in;Lqevap;in;LÞ ðB:33Þ

with

qevap;out;L ¼
Dv;L

dxL=2
cv;1 ðB:34Þ

ci
evap;out;L ¼ akaþðT0Þci

l;0 ðB:35Þ

and

qevap;in;L ¼
Dv;L

dxL=2
cv;L ðB:36Þ

ci
evap;in;L ¼ akci

l;L

The drainage flux, qd (Eq. (A.68)) is the throughfall of precipitation,
which occurs when rain falls on saturated litter, and is assumed to
have the isotopic composition of the precipitation.

Similarly to Eq. (A.110), the equation for conservation of the
minor isotopologue at the litter/soil interface is:

ak;diff
Dv;L

DxL=2
cv;0ci

l;0a
þðT0Þ � cv;LaþðTLÞci

l;L

h i

¼ ak;diff
Dv ;1

Dx1=2
ðcv ;1aþðT1Þci

l;1 � cv ;0ci
l;0a

þðT0ÞÞ � ql;0ðw0ci
l;0 þw1ci

l;1Þ

þ
Di

l;1

Dx1=2
ðci

l;1 � ci
l;0Þ ðB:37Þ

Rearranging Eq. (B.37) leads to the following expression for ci
l;0,

which is required to evaluate ci
evap;out;L:

ci
l;0¼

ak;diff
Dv;1

Dx1=2cv;1aþðT1Þci
l;1þak;diff

Dv;L
DxL=2cv;LaþðTLÞci

l;L�ql;0ci
l;1w1þ

Di
l;1

Dx1=2ci
l;1

aþðT0Þak;diff cv ;0
Dv;L

DxL=2þql;0w0þaþðT0Þak;diff cv ;0
Dv;1

Dx1=2þ
Di

l;1
Dx1=2

ðB:38Þ
B.5. Upper boundary condition: ponding

If a pond is present, it is assumed to be well-mixed. i.e. the con-
centration of the minor isotopologue at the pond surface is as-
sumed equal to than in the bulk pond water: ci

l;s ¼ ci
l;0. The flux of

the minor isotopologue into the top of the pond is given by Eq.
(B.30) with ci

evap;in given by Eq. (B.27) and ci
evap;out given by Eq.

(B.26).

B.6. Lower boundary condition

The flux of the minor isotopologue at the lower boundary of the
soil column is:

qi
w;n ¼ ci

l;nqw;n ðB:39Þ
B.7. Kinetic and Equilibrium fractionation factors

The liquid–vapour isotopic fractionation factor at equilibrium,
a+, was determined by Majoube (1971) as a function of T (K):

aþ ¼ exp � a

T2 þ
b
T
þ c

� �� �
ðB:40Þ

with coefficient values of a = 24,844; b = �76.284; c = 0.052612 for
HDO and a = 1137; b = �0.4156; c = �0.0020667 for H2

18O.
Vapour-phase kinetic fractionation factors require ratio of va-

pour-phase diffusion coefficients ak;diff ¼ Di
v=Dv . Merlivat et al.
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(Merlivat, 1978) determined values of ak,diff = 0.9755 for HDO and
ak,diff = 0.9723 for H2

18O. These values were used in the Plausibility
Test Cases and tests against analytical solutions (Sections 3.1, 3.2
and 3.3). Elsewhere, we use the newer measurements of Cappa
et al. (2003), which are closer to the predictions of kinetic theory:
ak,diff = 0.9839 for HDO and ak,diff = 0.9691 for H2

18O. In contrast to
Merlivat et al., Cappa et al. considered the effects of evaporative
surface cooling, which explains the significant differences between
the two sets of measurements. There are several formulations
relating ak,diff to ak, the kinetic fractionation factor at the soil/air
interface, and these are discussed in detail by Braud et al.
(2005a). In this work, we used the formulation proposed by Mat-
hieu and Bariac (1996):

ak ¼ ðak;diff Þnk ðB:41Þ

with

nk ¼
ðhs � hrÞna þ ðhsat � hsÞns

ðhsat � hrÞ
ðB:42Þ

where hs is the soil volumetric water content at the soil surface and
coefficients na and ns have respective values of 0.5 and 1.

Following Cuntz et al. (2007) the ratio of the liquid diffusivity of
the minor isotopologue in H2O(l) to the self diffusivity of H2O(l) is
Di

l=Dl ¼ 1=1:013 for HDO and Di
l=Dl ¼ 1=1:026 for H2

18O. Dl de-
pends on T (K) as:

Dl ¼ 100 � 10�9 exp � 577
T � 145

� �
ðB:43Þ
Appendix C. Root extraction

Root-water uptake was modelled as:

rexðh; zÞ ¼ aðhÞgðzÞqtrans ðC:1Þ

where a(h) is the root efficiency function of Lai and Katul (2000) and
g(z) is the vertical root density distribution of Li et al. (1999) The
root efficiency function is defined by:

aðhÞ ¼min½1:0;a1ðhÞ � a2ðhÞ� ðC:2Þ

Here a1(h) is the maximum efficiency when soil moisture is not lim-
iting root water uptake, defined as the maximum of local and non-
local limits:

a1ðhÞ ¼max
h

hs � hw
;

R z
0 hðzÞdzR L
0 hðzÞdz

( )
ðC:3Þ

And a2(h) is a root ‘‘shut-down” function:

a2ðhÞ ¼
h� hw

hs

� �c=ðh�hwÞ

ðC:4Þ

where c is an empirical parameter controlling the rate at which
a2(h) approaches 0, which was set to 10�8 in this work.

The discrete version of the vertical root density distribution is
expressed as the fraction of the root length density between depths
zi and zi+1:

Fi ¼
ln½1þ e�bzi �=ð1þ e�bziþ1 Þ þ 0:5ðe�bzi � e�bziþ1 Þ

ln½2=ð1þ e�bzr Þ� þ 0:5ð1� e�bzr Þ ðC:5Þ

where zr is the rooting depth and b is an empirical root distribution
parameter (Li et al., 2001):

b ¼ 24:66F1:59
10

zr
ðC:6Þ

and F10 is the fraction of root length density in the top 10% of the
root zone. In this work we assumed values of zr = 10 m and F10 = 0.2.
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